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Abstract 

It is well known that the moduli space of flat connections on a triv- 
ial principal bundle M x G, where G is a connected Lie group, is iso- 
morphic to the representation variety Hom(ni(M),G)/G. For a tiling T, 
viewed as a marked copy of R d , we define a new kind of bundle called pat- 
tern equivariant bundle over T and consider the set of all such bundles. 
This is a topological invariant of the tiling space induced by T, which 
we call PREP(T), and we show that it is isomorphic to the direct limit 
lim ^, Hom('Ki(Tn),G)/G, where F n are the approximants to the tiling 
space. G can be any group. As an example, we choose G to be the sym- 
metric group S3 and we calculate this direct limit for the Period Doubling 
tiling and its double cover, the Thue-Morse tiling, obtaining different re- 
sults. This is the simplest topological invariant that can distinguish these 
two examples. 

1 Introduction 

In this paper we generalize an idea first mentioned by Sadun in [BJ. It is well 
known that given a connected group G and a manifold M, the moduli space of 
flat connections on the trivial principal bundle M x G is isomorphic to the rep- 
resentation variety Hom(iTi(M),G)/G, where the quotient is by conjugation. 
When G is abelian, this reduces to H 1 (M,G), so we restrict attention to non- 
abclian G. Working on tiling spaces, we consider flat, pattern equivariant (PE) 
connections on the trivial principal bundle M. d x G, modulo PE gauge transfor- 
mations and call this the PE representation variety of the tiling T. Then, by 
considering these PE connections as pullbacks of zero curvature connections on 
the approximants L„, it is not hard to see that the PE representation variety of 
the tiling T is the direct limit lim^. Hom(TTi(T n ),G)/G, where f n is the dual 
of the forgetful map between the approximants r„. 

The original definition was for connected Lie groups, but calculation of this 
direct limit is easiest when the group G is finite and hence disconnected. In 
section [21 we take G = S3 and calculate it for the Period Doubling tiling and its 
double cover, the Thue-Morse tiling. This calculation shows that, even though 
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these two tiling spaces have the same cohomology, the PE representation variety 
distinguishes them. The computer algebra program Magma can be used to 
calculate Hom(H, G)/G for any finitely generated free group H and symmetric 
group G, which will be a lot of help in complicated examples. The relevant 
instructions on how to implement this on Magma is given after the examples. 
In order to make the generalization to finite groups, we change the definition of 
the PE representation variety by defining it not in terms of connections but in 
terms of bundles. We call it PREP(T) and define it inEU We use R 2 in the 
definitions but the generalization to R rf is immediate. Using this definition, the 
main result of the paper is proved in section [5] 

Theorem 1.1. LetT be a tiling space andK t , t £ R be its Gahler approximants. 
Let t\ < <2 < ■■• be an increasing sequence and f : Kt i — > Kt j be the forgetful 
map where ti is bigger than tj . Then, 

PREP{T) = Hm Hom(Tr 1 (K tn ),G)/G. (1) 

Once the right definitions have been chosen, many of the proofs are imme- 
diate (and frequently omitted) . The sections before [5] work toward the proof of 
this result. In section [7] we show the invariance of the PE representation variety 
under homeomorphisms of tiling spaces using a theorem of Rand [5] . 

A finer invariant can be obtained without modding out by G in the di- 
rect limit. To achieve this, we consider only based bundles in the definition 
of PREP{T) and call it the PREP b {T). This is the definition in GOO] and in 
section [5] we have 

Theorem 1.2. Let T be a tiling space and K t , t el be its Gahler approximants. 
Let t\ < <2 < ■•■ be an increasing sequence and f : K ti — > K tj be the forgetful 
map where U is bigger than tj . Then, 

PREP b (T) = limi?om(7ri(if tn ),G). (2) 
/* 

2 Two Examples 

For both of the examples below, the approximants of the tilings are the wedge of 
two circles. Hence their fundamental group is the free group on two generators, 
Fi. In both examples, our group G will be the simplest non-abelian group, 
that is the dihedral group of order 6: S3 — {l,a,a 2 ,b,ab,a 2 b}. So we need to 
calculate Hom(Fi, S-sjjS-s and the only difference in the two examples will be 
the forgetful map in the direct limit. A two page hand calculation shows that 

Hom(F 2 ,S 3 )/S3 = {(^1,1,^1,0)01,6) 00,1)06,1)^0,0) 0a, a 2 : 4>a, b, 4>b,a, 06,6, 06a, o&}, 

(3) 

where <p x ^ y denotes the conjugacy class of a homomorphism which takes one 
generator of F2 to x and the other to y in S3. 
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2.1 Example 1: Thue-Morse 



The substitution rule for the Thue-Morse tiling is given by a(a) — a/3, cr(f3) = 
(3a. The dual of the forgetful map / is the substitution map itself thought of as 
a homomorphism from F 2 to S 3 . We have to trace each of the 11 elements of 
Hom(F2,S 3 )/S 3 and see which ones are identified. A typical calculation goes 
as follows: 



A similar calculation with the other generator gives (j)\fi{(3a) = 6-1 = 6. Hence 
0i, o is mapped to <pb,b m the direct limit. Repeating this for all the other 
elements shows that 



2.2 Example 2: Period Doubling 

The substitution rule for the Period Doubling tiling is given by a(a) = (3(3, 
a{(3) — a(3. A similar calculation to the above shows that 



Comparing the two direct limits, we see that it differentiates between the 
Period Doubling and its double cover, the Thue-Morse tiling space. This is the 
simplest topological invariant that tells them apart. 

2.3 Magma Code For Calculating Representation Variety 

For any finitely generated free group F and symmetric group S, we will give 
instructions for how to compute Hom(F, S)/S using the computer algebra pro- 
gram Magma. The example we give is for a free group generated by two elements 
and symmetric group of order six but the generalization is trivial. After each 
step below hit the Enter key (the semi-colon is typed into command line too). 

1. Define the free group: F:=FreeGroup(2); 

2. Define the symmetric group: S:=SymmetricGroup(3); 

3. Calculate Hom(F, S)/S: RV:= Homomorphisms(F, S: Surjective := false); 

4. Show the cardinality of RV: #homs; 

After these steps, the command line should return "11 ", which was the result 
we obtained in the examples above. 



/* o 4> ltb {a) = 4> ltb {cj{a)) = (j) 1:b (a(3) = 1-6 = 6. 




2,S 3 )/S 3 = {01,1,0a, a}- 



lim Hom(F- 



2,S 3 )/S 3 = {01, 1,01,6,0a, a, 01, a, 4>a? , a, ^a^l}- 
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3 PE Bundles 



The idea of modifying cohomology to obtain PE cohomology so that it is appli- 
cable to tilings was first given by Kellendonk and Putnam in [2] and [3] . We use 
the same idea in the category of bundles. One can intuitively picture a G-bundlc 
as a geometric object (say an interval) glued to itself along another geometric 
object (say a circle) but with a twist dictated by the group G. The intuitive 
idea behind PE bundles over a tiling T is that this twist should also depend 
on the patterns in the tiling T. That is, if two points have the same pattern 
of tiles up to a certain range around them, them we should invoke the same 
group element which will dictate the twisting. For this we need the following 
definitions: 

Definition 3.1 (PE open set). An open set U of M 2 is said to be a PE open 
set with radius t > if for every x € U it contains all y e R 2 such that 
[B*(x)] — x = [B t {y)\ — y, where [-B t (x)] is the patch of the tiling T containing 
the ball B t (x) with center x and radius t. 

Definition 3.2 (PE open cover). An open cover {Ui} of R 2 is said to be a PE 
open cover with radius t > if every Uj £ {U%} is a PE open set with radius t. 

Definition 3.3 (PE fiber bundle). Let F, P be topological spaces and tt : P — > 
R 2 be an onto continuous map. P is called a PE fiber bundle over T with radius 
t and fiber F if there exists a PE open cover {Ui} of R 2 with radius t such that 
for every x € R 2 there exists a Uj £ {Ui} with the following properties: 

1. Uj x F is homeomorphic to n (Uj) by a homeomorphism <f>j. 

2. The following diagram is commutative: 



Uj x F — i- 7t — * (Uj) 




The pairs (Uj,cj>j) are called charts as usual. 

Definition 3.4 (PE function). Let T be a tiling of R 2 . A function / : R 2 -)• E 
is called a PE function with radius t if for any x, y 6 T such that [_B t (x)] — x = 
[Bt(y)\ - V, we have f(x) = f(y). 

Definition 3.5 (PE G-bundle). Let P be a PE fiber bundle with radius t as 
in the above definition. Let F be its fiber space and assume there is a left G 
action on F. If for every pair of charts (Z7j,0j) and (Uj,(f>j) the map 

$ := 0J 1 o ^ : (Uj n[/,)xF^ (Uj fl^xF 
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has the form $(u, f) — (u, hji(u) ■ f), where hji : (Uj H Ui) — >• G is a PE 
function with radius t and the • is the action of G on the fiber F, then we call 
P a PE G-bundle over T with radius t. The maps hji are called the transition 
functions. 

Definition 3.6 (PE principal bundle). If the PE G-bundle P with radius t has 
G itself as its fiber space with the left multiplication in the group as the group 
action and if the induced action on the fibers 

(j, : n^ 1 (x) x G — > tt^ 1 (x) 

is free and transitive then P is called a PE principal bundle over T with radius 
t and group G. 

Isomorphism of two PE bundles over the tiling T is defined as in the usual 
bundle theory with the only difference being the requirement that the transition 
functions must be PE. 

As in the usual bundle theory, we also have the fact that a refinement of a 
trivializing neighborhoods is also a trivializing neighborhood. Hence, given two 
PE G-bundles, we can assume that they have the same PE open cover by looking 
at the intersection of their covers. This gives us the following characterization 
whose proof can be obtained with minor modifications to the non-PE case (see 
Naber's book g]). 

Lemma 3.1 (Bundle isomorphism lemma). Let P\ and Pi be two PE G-bundles 
with the same PE open cover {Ui} of radius t and the same fiber F over R 2 . 
Let hji and hji be their transition functions respectively. Then, P\ and P2 are 
isomorphic if and only if there exists PE functions Xj : Uj —¥ G with radius t 
such that 

hji(x) — Xj(x)~ 1 hj i (x)Xi(x), (4) 

for all x eUiClUj. 

Theorem 3.2 (Bundle construction theorem). Let {Ui},i <E J be a PE open 
cover 0/R 2 with radius t where J CN is an index set, let F be a topological space 
and let G be a topological group which acts on F. Assume for every Ui R Uj ^ 
there exists continuous PE functions hji : Uj C\Ui —> G with radius t such that 
for every x 6 Ui D Uj D Uk we have 

h kj (x) ■ hji(x) = hik(x) (5) 

Consider the space M 2 x F x J and its subset T := {(x, g, i) £ M 2 x F x J : x S 
Ui} = \Ji Ui x F x {i}. Define an equivalence relation <-> on T as follows: 

(x,f,i) o (x,f,j) ^ x = x and f = hji(x) ■ f 

Let P be the set of equivalence classes of this equivalence relation. Then, P is 
a PE G-bundle with radius t and is unique up to isomorphism of PE bundles. 
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Definition 3.7 (flat G-bundle). A G-bundle is called a flat G-bundle if all the 
transition functions are locally constant functions. 

Notice that if P is a PE bundle with radius t over T then it is also a PE 
bundle for any radius t' which is bigger than t. This leads to the following- 
equivalence relation: 

Definition 3.8. Let P and R be PE bundles over the tiling T with radii p and r. 
If there exists an s bigger than both p and r, and if there exists an isomorphism 
between P and R as s bundles, then we consider them to be equivalent PE 
bundles. 

We can now define the crucial object and state the main result that will be 
our focus. 

Definition 3.9 (PE representation variety). Let S be the set of all flat PE 
principal G-bundles P over the tiling T of R 2 . The set of equivalence classes in 
S with respect to the above equivalence relation is called the PE representation 
variety of T and denoted PREP{T). 

Now we will define based bundles which will give us a finer invariant then 
PREP{T). 

Definition 3.10 (based G-bundle). Let (P,po) be a G-bundle with a fixed 
point po chosen. Assume also that all the transitions functions arising from the 
chart U Po around po are constant; that is g PPo = 1. Then, we call (P,po) a based 
G-bundle with the base point po. 

Definition 3.11 (based pattern equivariant representation variety). Let S be 
the set of all flat based PE principal G-bundles P over the tiling T of R 2 . The 
set of equivalence classes in S with respect to the same equivalence relation as 
in the definition 13.91 is called the Based-PE representation variety of T and 
denoted PREP b (T). 

4 PE bundles and approximants 

The definition we will use for the approximants is a continuous generalization 
of Gahler's construction with collared tiles first introduced in p]. Consider the 
tautological R 2 bundle E —> over the tiling space fl where the fiber over a 
T G SI is T itself as a marked copy of R 2 . We define an equivalence relation on 
the total space E as follows: 

Definition 4.1. Let tel and x, y in E be such that x € T, y e T" . Then, 
x o t y if [B t (x)] T -x = [B t (y)] T > - V- 

Definition 4.2 (Approximants for fi). The quotient of E with respect to the 
above equivalence relation is called the t approximant of Q and is denoted by 
K t . 
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By sending a T 6 fl to the equivalence class of € T we obtain a natural pro- 
jection 7r t : — > ifj. Thus, K t is the set of all possible instructions for layering 
tiles around the origin up to distance t, generalizing Gahler's construction to a 
continuous radius t. For ti > t\ we have the forgetful map f : K t . 2 — > K tl which 
forgets the pattern between the radii t\ and ti and sends the pattern up to t% 
to the pattern up to t\. If we choose a sequence of increasing radii t\ < t% < . . . 
going to infinity, then a point in the inverse limit space S = '|!I l (K ti , /) will be a 
consistent instruction for tiling all of R 2 . This gives a bijection between ft and 
S, which can be shown to be a homeomorphism. 

We will use the same letter tt to denote the restriction of the natural pro- 
jection 7r t : f2 — » K t to the translational orbit of T. Hence the restriction is 
denoted by ir t : R 2 — » K t . We will see that the set of all PE G-bundles over a 
tiling T of R 2 is equal to the union of the sets of pullbacks of all the G-bundlcs 
on all of the approximants K t . 

Lemma 4.1. Let K t be the radius t approximant to the tiling T and let itt : 
R 2 — >• K t be the restriction of the natural projection. Let {V{\ be an open cover 
of K t . Then, 7r t *{Vi} is a PE open cover o/R 2 with radius t. 

Since pullbacks of functions on K t are PE, this lemma shows that pullbacks 
of bundles on K t are PE bundles on M 2 with radius t. 

Lemma 4.2. Let U be a PE open set o/R 2 with radius t. Then, there exists 
an open set V of K t such that U — tt^~ (V). 

By this lemma, given a PE bundle P with radius t on R 2 , we can find a 
corresponding open cover on K t . Since transition function of P are pullbacks 
of functions on K t , we can use this open cover and these functions to construct 
a bundle on K t by the standard bundle construction theorem of the non-PE 
bundle theory. Then, the pullback of this bundle to R 2 is P. So, we have 
proved the following theorem: 

Theorem 4.3. Let S be the set of all PE G-bundles of T and let {K t } be the 
set of all approximants so that the tiling space of T is the inverse limit of K t s. 
Then, S is the union of the sets of pullbacks of all the G-bundles on all of the 
K t s. 

5 Representation Variety of approximants 

In this section we will see that the set of all flat principal bundles with group 
G on a given K t is isomorphic to Hom(TTi(K t ),G)/G. The latter is called the 
representation variety of K t and modding by the G means the conjugacy classes 
of the homomorphisms into G. Since the arguments we will give can be applied 
to any flat G-bundlc, we will state and prove the claims for a general base space 
X, not just for the approximants K t . The results here are proven by Steenrod 
in [7] for the case of totally disconnected groups. We will prove them for any 
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Figure 1: Multiplying transition functions 



flat G-bundle. The way we prove them also reveals that it is easy to modify 
them to get the similar results for the based bundles. 

The main theorem that we want to prove is the following: 

Theorem 5.1. Let P be a flat G-bundle over X with fiber F. Then, it induces 
a homomorphism from tti(X) to G. Conversely, any such representation is 
induced by a flat G-bundle over X with fiber F . 

The following lemma and its proof is standard material but fundamental for 
us. For completeness sake we present the proof in the appendix. 

Lemma 5.2. Let P be a flat G-bundle over X with fiber F and let X' be the 

universal cover of X with the covering map f : X' — > X. Then, the pullback 
bundle f*(P) is trivial. 



f*(P) — P 



X' — ±— X 

Given a curve in X', if we just consider the multiplication of the transition 
functions, see figure 1, then we obtain a map ip from curves in X' to G. Now 
consider the fundamental group tti(X, xq) of X based at xq G X . If we consider 
lifts of elements of tt\{X, xq) to a p S X' where f(p) = xo then ip will give us 
a homomorphism from tti(X 1 xq) to G. It is easy to see that if we change the 
base point of ~k\ (X, xq) to a x\ then the homomorphism will change by an inner 
automorphism of G. Hence, we proved the first half of Theorem 15. II 

For the converse, let p : tti(X) — > G be a homomorphism, let X' be the 
universal cover of X with the covering map / and let G act on F. Define an 
equivalence relation on X' xF by (x' , a) <H> (x' -a, p(a)^ 1 -a) for every a 6 ^i(X) 
where the action on the first slot is the usual monodromy action of the 7Ti (X) on 
the fibers of the universal cover X' . Modding out by this equivalence relation 
gives us the associated bundle X 1 x p F with the group G and fiber F. Since the 
transition functions of this bundle is given by p(a) and since tt\{X) is discrete, 
X' x p F is flat and this proves the other half of Theorem 15. II 
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This theorem shows that we have an onto map 7 from the set S of all flat 
G-bundles over X to Hom{ir\(X),G): 



7 : S -> Hom{7Ti(X),G). 

We remarked above that changing the base point of the fundamental group 
changes this map by an inner automorphism of G. Keeping the base point fixed 
but changing the initial choice of the trivializing chart around this point changes 
the homomorphisms in the same way. To see this recall that given a curve C 
in X', ^(the map in the proof of Lemma 2.3.2) does not depend on the middle 
open sets that cover C and hence ip doesn't depend on them too. But if C is 
a lift of an a £ tti(X, xq) then the end points of C will live in the lift of the 
same open set Uq around xq. If we choose a different chart Ui around xq, then 
by the co-cycle condition we get tp = gio ■ tp ■ g^ 1 where g\o is the transition 
function induced by Uq and Ui. Hence, ip is determined up to conjugacy in G. 
Modding Hom(-Ki (X), G) by G takes care of both of these choice issues. So, let 
x(P) denote the conjugacy class in G determined by the bundle P. Then, we 
have shown that each flat G-bundle P over X determines a unique conjugacy 
class x(P) m G and we have an onto map T from the set of all flat G-bundlcs 
over X to Hom(ir 1 (X),G)/G: 

T:S^ Hom(ni(X),G)/G. 

The forward direction of the following lemma will give us the constancy of 
T on associated bundles and the converse direction of the lemma will show us 
that r is one-to-one if we consider it on the right domain(the set of flat principle 
G-bundles not all flat G-bundles). In the proof of this lemma we will use the 
following construction: 

The fact that the pullback bundle is a product bundle lets us define a trans- 
lation of fibers over X. Let C : I — > X be a curve connecting x to x in X and 
let C' be its lift to the universal cover X 1 of X. Let g 6 G be associated to the 
path C' given by ip as above and let f2 : f*(P) ->l'xFbe the equivalence we 
obtained in Lemma 15.21 



X' x F = f*(P) 



X' 



r 



p 



x 



Since f*(P) is a pull back bundle, for any points x', x such that f(x r ) = x, the 
fibers over them are the same. So we have the following diagram: 



V) ^ W} xF^ {i'} x F 



TT-^X) 



ho 
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where the g on the top row is the map obtained by the right action of G on the 
fibers. Taking the composition of these maps we have the map 

he '■ 7T~ (x) — > 7T~ 1 (x). 

Lemma 5.3. Two flat G-bundles P and P' over X with fiber F are associated 
if and only if ' x(P) = x( p ')- 

Proof. Let P, P' be two flat principal G-bundles over X such that x{P) = x(P')- 

P P' 



X 

Let x be any point in X and let C : I — > X be a curve connecting xq to x. 
Choose charts around xo and x to get the translation of the fibers 

h c : tt-^xo) ->7r _1 (!c) (6) 
ti c : 7r'- 1 (x )^7T , - 1 (x), (7) 

and the homomorphisms -0, "0' : ni(X,xo) — > G. Define 

h x : 7T _1 (x) -> 7r' _1 (x) 

by 

h x := ti c <j>' Xo ^h c l , 

where, as usual, s are the homeomorphisms of the fibers with the group G 
given by the trivializing charts around x for P and P'. Since x{P) = x{P')i 
we can choose 0> and 0' such that = -0'. We will use this fact to show that 
h x is independent of the path C we choose. 

Let D be another curve connecting x to x and let h x ^u be the map obtained 
from D. Then, 



K'h^D = {hcM'-'h'c 1 ) (^^c:^) (8) 

= hc&M'xoWc-iDWxo)**^ (9) 

= ^^(C^Dic)^)^ 1 ^ 1 (io) 

- hcM'iD-'C^h^ 1 (11) 

= hc^MD-'C^h^ 1 (12) 

= hc^favih-^c^^hn 1 (13) 

= frc0r o (4>xo h C lfl D 4>x ) 4>^l^D ( 14 ) 

= id w -i (x) . (15) 



Hence, /i x is independent of the curve connecting xo to x. Define h : P P' by 
h(b) = h x {b) where n(b) — x. It is not hard to show that h so defined satisfies 
the two conditions of being an equivalence of bundles. 
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For the other direction, given a flat G-bundle P over X and its associated 
bundle P', we have to show that x(P) = x(-P')- But this is trivial since we will 
be using the same universal cover of X and hence the transition functions are 
the same in both cases. □ 

Hence, we finally have the 

Corollary 5.4. The set of all flat principal bundles with group G on K t is 
isomorphic to Hom(TTi(Kt),G)/G. 

Recall that we were modding out Hom{-Ki (X), G) by G because of the double 
dependence of the map 7 on the base point po of tti(X) and on the triviliazing 
neighborhood U Po around po. If we fix this base point and require all the tran- 
sition functions to be g PPo — 1, then using the definitions 13.101 and 13.111 it is 
not hard to modify the proofs given in this section to get the following: 

Theorem 5.5. The set of all flat principal based G-bundles over X are isomor- 
phic to Hom(iTi(X),G). 

Corollary 5.6. The set of all flat principal based bundles with group G on K t 
is isomorphic to Hom(jTi(K t ),G). 

6 The Main Result 

Using the results we developed so far, we can now obtain the main result we 
want. Let B t be the set of all flat PE principal bundles with radius t over T 
and let St be the set of all flat bundles over the approximant K t for the tiling 
T. Choose a sequence of radii t± < ti < . . . going to infinity. Then, we have the 
following commutative diagram: 



D 


I 

tl C * 


B 


ti 




B 


*3 


r I 




7T* 




7T 






7T 




S 




S 


1 2 




S 


t 3 


1^ 



where i is the inclusion map, tt* is the pullback map obtained from the projection 
map and the /* is the pullback map of bundles induced by the forgetful map / 
between the approximants K t . Now let B t be the set of t isomorphism classes 
of flat PE principal bundles with radius t and let St be the isomorphism classes 
of flat principal bundles over K t . Inclusion maps i induce the maps i : B s — > B t 
for any s < t, by taking a representative from an equivalence class in B s , 
mapping it by i to B t and then taking the equivalence class of that in B t . 
Similar considerations with the other maps in the above diagram will give us 
the following induced diagram: 
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Bt. c — - Bu c — B, 



t2 -°t3 



S t2 — r*- St : 



Recall that we defined PREP(T) by taking all flat principal PE bundles 
over T and by modding this out by the equivalence relation given by identifying 
two bundles with radii s and t if they are eventually t' isomorphic for some t' 
bigger than both s and t. Using the Bs and is above, this equivalence relation 
immediately becomes the direct limit: 

PREP(T) = lim B t , . 



Let St be the pullback of S t to T by the projection map TT t . From section 2.2 
we know that B t — S* . Now we can establish the main result we are after: 

Theorem 6.1. Let T be a tiling space and K t , t el be its Gdhler approximants. 
Let t\ < t 2 < ... be an increasing sequence and f : K ti — > K tj be the forgetful 
map where ti is bigger than tj . Then, 

PREP(T) = lu^Hom(Tr 1 (K tn ),G)/G. (16) 

/* 

Proof. 

PREP{T) = UmS tn (17) 

i 

= i^s; (is) 

i 

= lim S t (19) 

/* 

= lu^Hom(7r 1 (K t J,G)/G. (20) 

/* 



□ 



The corresponding result for the PREPb(T) is as follows: 



Theorem 6.2. Let T be a tiling space and K t , t el be its Gdhler approximants. 
Let ti < t 2 < ... be an increasing sequence and f : K ti — > K tj be the forgetful 
map where U is bigger than tj . Then, 

PREP b (T) = In^HomimiKtJ^). (21) 

/* 
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7 Invariance of the Pattern Equivariant Repre- 
sentation Variety 

In this section we will prove the invariance of the PE representation variety of 
two tiling spaces under homeomorphisms of tiling spaces. The key step will 
be the approximation theorem below which is proven in Rand's PhD thesis [5]- 
First we need a definition: 

Definition 7.1. Let / : ftr — > ^T' be a map between two tiling spaces. / is 
called a local map if there exist an r > such that for every T%, Ti in fix, we 
have Ti\ r = Ti\ r implies f(Ti)\ s — f(T2)\ s for some s. 

Theorem 7.1. Let X and Y be tiling spaces. If f is a continuous map from 
X — >• Y , then for every e sufficiently small, there exists an f e with the following 
properties: 

1. / e is a smooth, local map from X — > Y , 

2. f(T) and f e (T) are in the same translational leaf, and \f(T) — f e (T)\ < e, 
where \f(T) — fe(T)\ denotes the translational gap within a leaf, 

3. If f commutes with translations, then f e will also commute with transla- 
tions. 

Corollary 7.2. The maps f and f e above are homotopic to each other. 

Now let / : f2x — > &t> be a continuous map. For a PE bundle P over T", 
we want to define its pullback but the problem is that / is defined on the tiling 
space not the tiling itself. The standard trick is to restrict / to the orbit R^ 
of T. Actually we want to restrict the approximation f e to the orbit of T to 
get a map f e : R|i — > Qx'- We will be using the same letter for a map and its 
restriction from now on. Since f e is continuous and Qx' is minimal, the image 
of / e is in the orbit of T 1 . Hence, we have a map f e : My, . This is the 

map we will use when we talk about the pullback of a bundle P over T' under 
f:Q T ^n T ,: 

f*(P):=f:(P). (22) 

We have to make sure that a local map like f e pulls back PE bundles to PE 
bundles and have to show that the definition is independent of the choice of f e . 

Lemma 7.3. Let f : 57x — > fix' be a local map. If P' is a PE bundle over T' , 
then P := f*(P') is a PE bundle over T. 

Proof. We need to check if PE transition functions pullback to PE transition 
functions and if PE open sets pullback to PE open sets. Let's start with the 
PE functions. Let a : R§,, — » R be a PE function with radius s. Since / is 
local, there exist an r > such that for every T\, Ti in the orbit of T we 
have T\\ r = T2\ r implies /(Ti)| s = /(T2)| s . Now, for our tiling T, assume 
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we have two patches with centers at x and y agreeing up to radius r. Define 
Ti :=T — x and T 2 := T - y. Then, f{T x )\ a = f(T 2 )\ s . Hence, patches at f(x) 
and f(y) agree up to radius s, so that a(f(x)) — a(f(y)). This means that 
(f*(a))(x) = a(f(x)) = a(f(y)) = (f*(a))(y). So, f*(a) is PE with radius r. 

To see that PE open sets pullback to PE open sets, let U' be a PE open set 
with radius s in Kf,,. Let x € f*(U') and let y 6 R^ be such that the patches 
at the points x and y agree up to radius r in where we choose r given by the 
locality of /. Then, by the similar arguments as above, we see that the patches 
around f(x) and f{y) agree up to radius s. Since U' is PE with radius s, this 
means that f(y) 6 U' . Hence, y £ f*(U') and hence f*(U r ) is PE with radius 
r. □ 

Now we have to show that the definition (p?!2)) is independent of the choice 
of f e . If we instead defined it using an fg, then since both are homotopic to /, 
they are homotopic to each other. The important point is we can approximate 
any homotopy between local maps by a local homotopy so that we stay in the 
category of the PE bundles when we pullback via this homotopy. The following 
lemma(see [5]) shows that we can do this. 

Lemma 7.4. Let F : CIt X [0, 1] — > fly be a homotopy such that each Ft are 
continuous maps onU,T a and Fq and Fi are local maps. Then Fq (PREP (CIt 1 )) = 
F?(PREP(Sl T ,)). 

Using these results, we have the following. 

Theorem 7.5. If f : Qt — > 5^t' is a homeomorphism then f* is an isomorphism 
of pattern equivariant representation varieties of T and T' . 
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9 Appendix: Proof of Lemma 15.21 

We will construct a map : f*(P) — > F such that when restricted to each fiber 
it is a homeomorphism. This implies that f*(P) is the trivial bundle X' x F. 
Let q e f*{P) be such that 7r'(g) = p and f(p) = p. Given a chart (Up,^p) 
around p, we can pull it back to a chart (U p , $ p ) around p and have the usual 
induced trivializing map (p p : tt'^ 1 (U p ) — > F whose restriction to each fiber is a 
homeomorphism which we denote by the same symbol 4> p : ■n'^ 1 (p) — > F. In the 
following, we will extend this map to all of f*(P). 

Let q' G f*{P) be such that 7r'(g') = p'. If p' £ U p then we can use 
<fi p : n~ 1 (U p ) — >• F to map the fiber above p' to F and we are done. If p' ^ U p 
then cover the path C : I — > X' from p to p' with finitely many open chart sets 
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Figure 2: Independence of path 



{U Pi }, i — 0, 1, 2, . . . , n where U Po — U p and U Pn = U p >. Then, multiplying the 
constant transition functions for each intersection U Pi fl U Pj we get a map 

* : Tr- 1 ^) -»■ F, 

where \l/(r) := g PPl Sp„_2p n -i ' 9p n -ip' ' 4>p'{ r )- By the co-cycle condition 

it is easy to see that this map doesn't depend on the choice of 11 middle''' open 
sets; that is, the open sets indexed from i = l to i = n— 1, but it depends on 
the choice of initial and final open sets. 

Using the co-cycle condition and the simply connectedness of X' we can 
show that \P is independent of the path chosen to connect p and p' as follows: 
Let D : / — > X' be another curve connecting these two points. Since these 
curves bound a compact region, we can fill it with finitely many open chart sets 
whose union contain the curves and the region they are bounding. Construct a 
local homotopy using three sets at a time and begin by perturbing the initial 
curve to a curve C as in the figure. By the simply connectedness of X' , we can 
have such a local homotopy and by the co-cycle condition the maps obtained 
from C and C are the same. Repeat this procedure until D is reached and 
patch these local homotopies to get a homotopy from C to D. Hence our map 
is independent of the path and we have a global map $ : f*(P) — > F which 
is a homeomorphism when restricted to each fiber. Thus, f*(E) is the trivial 
bundle X' X F. 

References 

[1] F. Gahler, talk given at the conference "Aperiodic Order, Dynamical 
Systems, Operator Algebras and Topology", 2002, slides available at 
www . pirns . math . ca/science/2002/adot/lectnotes/Gaehler 

[2] J. Kellendonk, Pattern- equivariant functions and cohomology, J. Phys. A 36 
(2003), 5765-5772. 



15 



[3] J. Kcllcndonk and I. Putnam, The Ruelle- Sullivan map for M™ actions, 
Math. Ann. 334 (2006), 693-711. 

[4] G. L. Naber, Topology, Geometry, And Gauge Fields: Foundations, 
Springer- Verlag, NY, 1997. 

[5] B. Rand, Pattern Equivariant Cohomology of Tiling Spaces with Rotations, 
PhD thesis, University of Texas. Austin, TX, 2006. 

[6] L. Sadun, Pattern- Equivariant Cohomology With Integer Coefficients, Er- 
godic Theory Dynan. Sys. 27 (2007) 1991-1998. 

[7] N. E. Steenrod, The Topology Of Fiber Bundles, Princeton University Press, 
Princeton, 1951. 



16 



